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Abstract
A special class of non-minimal operators which are relevant for quantum field theory is intro-
duced. The general form of the heat kernel coefficients of these operators on manifolds without
boundary is described. New results are presented for the traces of the first two heat kernel coef-
ficients for vector, Yang-Mills and perturbative gravity. It is argued that non-minimal operators
can be used to define gauge-fixing independent actions and solve the conformal mode problem in
quantum gravity.
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I. INTRODUCTION
The coefficients that arise in the asymptotic expansion of the heat kernel provide a very
powerful tool in the analysis of divergences that arise in quantum field theory. This was
first emphasized most explicitly by DeWitt [1] who developed a now standard method for
calculating the heat kernel coefficients for operators that are of interest to quantum field the-
ory. (Independent work by mathematicians was given by Minakshisundaram and Pleijel [2].
Later work by mathematicians can be found in [3] and citations therein.) Subsequently the
method was adapted and used to regularize effective Lagrangians [4] and path integrals [5].
The method is now widely used and is covered in many reviews. (See [6–12] for example.)
It is worth emphasizing that regularization methods that rely on the heat kernel are not
restricted to field theories at one loop order, but can be applied to interacting fields at more
than one loop as well. (See [13, 14] for two early references.) In addition the heat kernel
expansion is of interest to a variety of mathematical problems. (See for example [3] and
references therein.)
With the notable exception of Barvinsky and Vilkovisky [7], most of the references listed
above deal with operators that are usually termed as minimal. A second order differential
operator is called minimal if the second derivative part of the operator is comprised solely
of the Laplacian. Minimal operators are the easiest to deal with, but they form only a
small class of second order operators. Non-minimal operators arise in gauge theories or
gravity where gauge-fixing terms lead to additional second order derivative terms beyond
the Laplacian. There are situations where the non-minimal character of the operator appears
to be an essential feature.
The first situation is linearised Euclidean quantum gravity. The kinetic part of the
Lagrangian density for linear perturbations hµν about a background Riemannian metric gµν
with the DeWitt gauge-fixing function is [7, 15]
LK =
1
2
h
µν;ρ
hµν;ρ +
(
1
ξ
− 1
)
gµνhµρ
;ρhνσ
;σ, (1.1)
where ξ is a gauge parameter and h¯µν = hµν −
1
2
gµνh
ρ
ρ. The second order graviton operator
obtained from this Lagrangian density is minimal if ξ = 1. However, the path integral for
linearised gravity is badly behaved at ξ = 1 due to a problem with the conformal mode
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hµν = φ gµν . If we insert the conformal mode into the Lagrangian density we have
LK =
(
m− 2
2
)2 [
1
ξ
−
2 (m− 1)
(m− 2)
]
(∇φ)2, (1.2)
wherem is the spacetime dimension. The action is positive definite only when ξ <
(m− 2)
2(m− 1)
,
and never for the minimal case. In the minimal case we have to resort to some kind of contour
rotation [16] or extra gauge-fixing [17] to define the path integral, although neither of these
fixes is particularly satisfactory.
Another reason for considering non-minimal operators arises from the construction of the
effective action due to Vilkovisky [18] and DeWitt [19]. In order to obtain an effective action
which is independent of the gauge fixing, extra terms have to be added to the field operators.
The minimal operator may give misleading results and gauge condition dependent results.
The Vilkovisky-DeWitt effective action coincides with the standard effective action in the
ξ → 0 limit of the gauge parameter for theories such as Yang-Mills theory. The case of
gravity is more complicated but it turns out that it is significantly easier to compute the
Vilkovisky-DeWitt effective action in the case ξ → 0. (See [20] or the pedagogical treatment
in [12] for full details.) We believe it is significant that the Vilkovisky-DeWitt effective
action for quantum gravity corresponds to a limit which has no conformal mode problem.
The third reason for considering non-minimal operators comes from boundary value prob-
lems in quantum gravity. The gauged-fixed action has a residual BRST symmetry which
we would like to apply also in the boundary value problem for the quantum operators [21].
The BRST-invariant boundary value problem for minimal graviton operator does not have
a well-defined heat kernel [22], but there have been some indications that the heat kernel
can be defined for the boundary value problem with non-minimal operators [23]. This issue
may be related to the conformal mode problem.
We will only consider manifolds without boundary. In the cases of interest to quantum
field theory it appears that the non-minimal operator belongs to a special class of non-
minimal operators. These are self-adjoint operators which take the following form
∆ij = −δ
i
jg
µν∇µ∇ν − ζ (P
µν)ij∇µ∇ν +Q
i
j , (1.3)
where ζ is a real parameter and ∇ : C∞(V ) → C∞(TM ⊗ V ) is a connection for fields in
a vector bundle V . The tensor P µν has two important properties, namely that ∇ρP
µν = 0
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and that the symbol of the non-minimal term Pˆ (x, p) = (P µν)ij pˆµpˆν , with unit vectors pˆµ,
is a projection, i.e.
Pˆ 2 = Pˆ . (1.4)
The parameter ζ controls the size of the non-minimal part of the operator, and for ζ > −1,
the operator is of elliptic form and the heat kernel has a well-defined asymptotic expansion,
K(x, x, τ) ∼ (4piτ)−m/2
∞∑
n=0
En(x,∆)τ
n. (1.5)
We will show that the heat kernel coefficients for the special class of operators belong to the
algebra of invariants constructed from the curvature, Q and P µν . Furthermore, En contains
at most 3n occurrences of the tensor P µν . We will also give explicit formulae for the traces
of E1 and E2 for vector and tensor fields.
An early field theory calculation of the E1 coefficient for a non-minimal vector field was
given in [24] (but with a typographical error that was corrected in [25].) Another early
paper on non-minimal electromagnetic fields is [26]. One of the methods that we use in
the present paper is an extended version of what was used in [24]. A comprehensive and
systematic method for calculating the integrated trace of the heat kernel coefficients for
non-minimal operators was undertaken by Barvinsky and Vilkovisky [7]. These authors
describe an elegant extension of the method of DeWitt [1] and apply it to many of the
operators of interest to quantum field theory. However by working out only the integrated
trace of the relevant coefficients, all terms which are total derivatives are lost. In addition,
the spacetime dimension is restricted to four and, unlike the case for minimal operators,
the heat kernel coefficients for non-minimal operators have an explicit dependence on the
spacetime dimension even before the trace is taken. An important paper by Branson, Gilkey
and Fulling [27] established that for the special case of an operator of the form aδd + bdδ
acting on forms the traced integrated heat kernel coefficients can be related to those of the
minimal operator. For the more general operator aδd + bdδ − E acting on forms the first
two traced and integrated coefficients TrE0 and TrE1 were found. (See also [28–30].)
A more general case of the unintegrated and untraced heat kernel coefficients was un-
dertaken by Gusynin and Kornyak [31, 32]. They considered an operator of the general
form
− δµν∇
2 + a∇µ∇ν +Q
µ
ν , (1.6)
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where a is some constant and Qµν involves no derivatives. Here ∇µ is some covariant
derivative that may involve a gauge as well as a Christoffel connection. This operator is of
relevance to Yang-Mills theory. General expressions for the first three heat kernel coefficients
were obtained on a manifold of general dimension. Our results are in broad agreement with
those of [31, 32] in this special case (1.6) as we will discuss below.
The aim of the present paper is to present a more general set of results for the non-
minimal operator than those of [31, 32], and to describe how a method based on the local
momentum space method of Bunch and Parker [13] may be used. This method is of interest
in its own right in quantum field theory because it provides an expansion of the Feynman
Green function that can be used in quantum field theory calculations beyond one-loop order.
(See for example the review in [12].) However we do not discuss such applications in the
present paper. In addition we analyze the heat kernel coefficients for the operator of interest
to quantum gravity which does not take the form (1.6). We will discuss detailed checks
of our results against previously known special cases as outlined above. The method that
we describe is straightforward although the calculations are extremely lengthy. The most
tedious parts of the calculations were done using Cadabra [33, 34].
II. BASIC FORMALISM
Consider a generic Bose field ϕi(x) on a spacetime manifoldM . Here i represents any type
of indices, for example, vector or tensor, or gauge group. Suppose that we use ∆ij to be the
relevant self-adjoint differential operator for the field ϕi. We choose a Riemannian spacetime
metric, take the spacetime dimension to be m, and adopt the curvature conventions of
Misner, Thorne and Wheeler [35]. The heat kernel Kij(x, x
′; τ) is a solution to
∆ijK
j
k(x, x
′; τ) = −
∂
∂τ
Kik(x, x
′; τ), (2.1)
with the boundary condition
Kij(x, x
′; τ = 0) = δijδ(x, x
′). (2.2)
Here δ(x, x′) is the biscalar Dirac delta distribution. For the rest of this section, and whenever
there is no confusion, we will omit the internal indices i, j.
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The importance of the heat kernel is that under fairly general assumptions it admits an
asymptotic expansion as τ → 0 of the form
K(x, x; τ) ∼ (4piτ)−m/2
∞∑
k=0
τkEk(x). (2.3)
The coefficients Ek(x) are the heat kernel coefficients that are local expressions determined
solely by the form of the operator ∆. (Note that we do not consider any contributions from
a possible boundary here.)
The method that we will use here makes use of the Green function for the operator
∆ rather than the heat kernel directly. There is a simple relationship between the two.
Normally the Green function is defined as the solution to
∆G(x, x′) = I δ(x, x′), (2.4)
where I is the unit matrix δij. This Green function is the analytic continuation of the normal
Feynman Green function (or propagator) to imaginary time. It proves convenient to define
an auxiliary Green function G(x, x′; s) as the solution to
(∆− sI)G(x, x′; s) = I δ(x, x′). (2.5)
The usual Green function G(x, x′) in (2.4) clearly is related to the auxiliary Green function
G(x, x′; s) by
G(x, x′) = G(x, x′; s = 0). (2.6)
The relation between the auxiliary Green function and the heat kernel is
G(x, x′; s) =
∞∫
0
dτ esτ K(x, x′; τ), (2.7)
which can be recognized as a one-sided Laplace transform [36]. The inverse of this, giving
the heat kernel in terms of the auxiliary Green function, can be obtained as
K(x, x′; τ) =
c+i∞∫
c−i∞
ds
2pii
e−sτ G(x, x′; s). (2.8)
Here c is chosen to be a real constant smaller than the lowest eigenvalue of the differential
operator ∆ and the contour is closed in the right hand side of the complex s-plane. It
is easily verified, using (2.4), that the heat kernel obeys (2.1). The boundary condition
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(2.2) follows by using the expansion of the Green function in terms of eigenfunctions of the
operator ∆.
We will be interested in the case where
∆ = Aµν ∂µ∂ν +B
µ ∂µ + C (2.9)
for some matrix coefficients Aµν , Bµ and C. Without loss of generality we can assume
Aνµ = Aµν . The method that we will adopt makes use of the local momentum space
approach of Bunch and Parker [13], which is a special case of the symbol calculus of Seeley
(see e.g. [3]), to calculate the auxiliary Green function in (2.5). The first step is to expand
the matrix coefficients about a selected point x′, and for this we introduce the convenient
multi-index notation α = (α1, . . . , αm), and
|α| = α1 + · · ·+ αm, α! = α1! . . . αm!, y
α = (y1)α1 . . . (ym)αm . (2.10)
Introduce normal coordinates at the point x and let yµ = x′µ − xµ. The coefficients in (2.9)
can all be expanded about yµ = 0,
Aµν(x′) = Aµν0 (x) +
∑
|α|≥2
Aµνα(x)y
α, (2.11)
Bµ(x′) =
∑
|α|≥1
Bµα(x)y
α, (2.12)
C(x′) = C0(x) +
∑
|α|≥1
Cα(x)y
α . (2.13)
These are not the most general possibilities for these expansions, but are sufficient to deal
with the cases that arise in the present paper. The absence of a linear term in yµ in (2.11)
is a consequence of the fact that in the examples we will deal with Aµν depends only on the
spacetime metric whose expansion in Riemann normal coordinates has the first non-trivial
term quadratic in yµ. Similarly, the absence of a zeroth order term in (2.12) arises because
Bµ involves the connection whose Riemann normal coordinate expansion begins at order yµ.
For the case where these conditions are not met, and the more general results that ensue,
see [37].
The next step is to Fourier transform the equation for the Green function (2.7). The
Fourier transform of a bitensor F (x, x′) in the appropriate class defines the symbol σF (x, p),
σF (x, p) =
∫
dmx′e−i(x−x
′)µpµF (x, x′). (2.14)
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The inverse transform is then
F (x, x′) =
∫
dmp
(2pi)m
ei(x−x
′)µpµσF (x, p). (2.15)
For example, if we take the original operator ∆, then the symbol is obtained by replacing
∂µ with ipµ,
σ∆ = −Aµνpµpν + iB
µpµ + C. (2.16)
For polynomials in the momentum pµ like this, we will use σ∆n to denote the term of
order n. Because of the Fourier transform, this method is called the local momentum space
expansion in quantum field theory [13]. In functional analysis, the bitensors belong to the
class of pseudo-differential operators.
The aim now is to make use of the expansions (2.11)–(2.13) in (2.5). There is a useful
relation for the symbol of a product of two operators F (x, x′) and H(x.x′), which can be
obtained by inserting the inverse transforms (2.15),
σ(FH) =
∑
α
1
α!
Dα(σF )∂α(σH), (2.17)
where D is the momentum derivative,
Dα = (−i)|α|
(
∂
∂p1
)α1
. . .
(
∂
∂pm
)αm
. (2.18)
We apply this to the product G(∆ − sI), noting that the left and right inverses of the
operator ∆−sI are equivalent because we have assumed that the operator ∆ is self-adjoint.
The Fourier transform then gives
σ (G(∆− sI)) = I. (2.19)
This can be solved recursively by setting σG = G0 +G1 + . . . , where Gn can be thought of
as having order p−2−n for large p. After using (2.17),
∑
n
∑
S(α,j,l)=n
1
α!
DαGj∂ασ(∆− sI)l ∼ I (2.20)
where S(α, j, l) = |α|+ j − l + 2. The symbol ∼ has been used to remind us that the series
obtained from (2.17) will match the right hand side of this equation term by term, but might
not be convergent. The first term in the series gives
G0(A
µνpµpν + sI) = −I. (2.21)
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Separating of the α = 0 terms from the rest of the series gives the general formula for Gn,
Gn = −
∑
S(α,j,l)=n
1
α!
DαGj ∂ασ∆lG0. (2.22)
The sI term has disapeared because it is always eliminated by the ∂α.
The n = 1 term vanishes from the assumptions used in defining the normal coordinate ex-
pansions (2.11)–(2.13). After expanding the multi-index notation into single-index notation,
the next term G2 is
G2 = −
∂2G0
∂pα∂pβ
AµναβpµpνG0 −
∂G0
∂pα
BµαpµG0 −G0CG0. (2.23)
Proceding further gives G4 in terms of G0 and G2,
G4 =
∂4G0
∂pα∂pβ∂pγ∂pδ
AµναβγδpµpνG0 −
∂2G2
∂pα∂pβ
AµναβpµpνG0
−
∂3G0
∂pα∂pβ∂pγ
BµαβγpµG0 −
∂G2
∂pα
BµαpµG0 +
∂2G0
∂pα∂pβ
CαβG0. (2.24)
The evaluation of Gn for larger n and a general operator soon becomes impractical due
to the large number of terms. As we will show the terms indicated here are sufficient to
evaluate the first three terms in the heat kernel expansion. The term G3 which we do not
display cannot contribute to the heat kernel coefficients.
The heat kernel is related to the Green function by (2.8) and can therefore be expanded
as a series K0 + K1 + . . . . If we take x
′µ → xµ and then substitute the inverse transform
(2.14) we obtain a formula for Kn(x, x, τ),
Kn(x, x; τ) =
∫
dmp
(2pi)m
c+i∞∫
c−i∞
ds
2pii
e−sτ Gn(x, p; s). (2.25)
Note that Gn as defined in (2.21) and (2.22) obeys the scaling relation
Gn(x, τ
−1/2p; s/τ) = τ 1+n/2Gn(x, p; s). (2.26)
We use the scaling relation to scale τ out of the integral in (2.25) and obtain
Kn = τ
(n−m)/2
∫
dmp
(2pi)m
c+i∞∫
c−i∞
ds
2pii
e−sGn(x, p; s). (2.27)
From this we read off the heat kernel coefficient Ek defined in (2.3),
Ek = (4pi)
m/2
∫
dmp
(2pi)m
c+i∞∫
c−i∞
ds
2pii
e−sG2k(x, p; s). (2.28)
9
We are able to obtain the untraced heat kernel coefficients from this formula, but most of
the results we will derive later are for the traces of these coefficients. (The untraced heat
kernel coefficients are useful in some calculations that will be given elsewhere. The untraced
expressions for Gn are needed to obtain even the traced heat kernel coefficients as the results
in (2.23) and (2.24) show.)
So far our considerations have been reasonably general and have followed a familiar path.
We stated in the introduction that, in quantum field theory applications, Aµν takes a special
form. We will assume that, at the origin of normal coordinates,
Aµν = −Iδµν − ζP µν , (2.29)
for some constant ζ and matrix P µν . In the special case where ζ = 0 the operator that
describes the theory is minimal and the heat kernel coefficients are well-known [3, 7–12, 38].
Suppose that we define a normalised symbol of P µν by
Pˆ = P µν pˆµpˆν . (2.30)
(So pˆµpˆµ = 1.) We consider operators where ∇ρP
µν = 0 and Pˆ is a projection operator
Pˆ 2 = Pˆ . (2.31)
This latter condition allows the flat-spacetime momentum-space Feynman Green function
to be found because it allows the operator in (2.21) to be inverted in closed form. We will
justify that this is the case for spin one and spin two fields in the next section. It is then
easy to show that the solution for G0 in (2.21) is
G0(x, p; s) = (p
2 − s)−1I − ζ(p2 − s)−1[(1 + ζ)p2 − s]−1 pµpν P
µν . (2.32)
By combining this with the general formula for Gn (2.22) and the heat-kernel coefficient
(2.28), we see that the general term in En resembles PXPY . . . P , where X, Y, . . . are
derivatives of the matrix coefficients Aµν , Bµ and C. This can be made more quantitative
by introducing an order, which is essentially the inverse mass (or equivalently the length)
dimension in the quantum field theory applications. We set
ord Aµνα = |α|, ord B
µ
α = 1 + |α|, ord Cα = 2 + |α|. (2.33)
It follows from (2.22) that ordGn = n and then by the integration (2.28) that
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Lemma II.1 The heat kernel coefficient En is a polynomial in A
µν
α, B
µ
α, Cα with ordEn =
2n and each term has at most 2n factors of P µν.
We have reduced the problem of the evaluation of the heat kernel coefficients to one that
is purely algorithmic. Although the method is very straightforward, the implementation
involves considerable algebraic complexity so that the results are best performed by com-
puter. The Cadabra program [33, 34] has been used for most of the results, and some have
been checked using Maple. The lengthy technical details will be omitted here. (A more
pedagogical description will be presented elsewhere [39].) It can be shown that under the
assumptions that we have described in the previous section resulting in the expression for
G0 in (2.32) the general result for TrE0 is
TrE0 = TrI −
1
m
[
1− (1 + ζ)−m/2
]
TrP, (2.34)
where P = P µµ. (The untraced expression is simply (2.34) with the traces omitted.)
In the higher order coefficients, the momentum integrals reduce to a scalar factor multi-
plied by a symmetric tensor tµ1...µn defined by
tµ1...µn = (4pi)
m/2
∫
dmp
(2pi)m
pˆµ1 . . . pˆµne
−p2 . (2.35)
The integral has been normalised so that the tensor has unit trace. Explicitly, we have
tµ1µ2 = δµ1µ2/m and
tµ1...µ4 =
3
m(m+ 2)
δ(µ1µ2δµ3µ4), (2.36)
tµ1...µ6 =
15
m(m+ 2)(m+ 4)
δ(µ1µ2δµ3µ4δµ5µ6). (2.37)
The general result for E1 becomes
TrE1 = b1 tµνρσTrA
µνρσ + b2 tµνρσαβTrP
αβAµνρσ
+b3 tµνρσTrP
αµAνρσα + b4 tµνρσTrP
µαP νβAρσαβ
+b5 TrB
′µ
µ + b6 tµνρσTrP
µνB′ρσ + b7TrP
µνB′µν
+b8 tµνρσTrP
µνP ραB′σα + b9TrC + b10TrPC, (2.38)
where
B′µα = B
µ
α − 2A
µβ
αβ. (2.39)
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The coefficients that appear in front of the various terms have been evaluated but are given
by lengthy expressions which we will omit. However, some features of these terms are worthy
of mention, so consider the example
b8 =
2 (4 + 2 ζ +mζ)
m− 2
{
(1 + ζ)−m/2 − 1
}
+
4mζ
m− 2
. (2.40)
Note that the cases m = 2, ζ = 0 and ζ →∞ are all special. The limit m→ 2 exists, and
b8 →
4
ζ
ln(1 + ζ)− 2
2 + ζ
1 + ζ
. (2.41)
We have checked by a careful evaluation of the coefficients that the case m = 2 agrees with
the procedure of taking the m→ 2 limit of our general results. The limit ζ → 0 corresponds
to the minimal operator, and we find that b8 → 0 in this limit as we would expect. The limit
ζ → ∞, as used in the Vilkovisky-DeWitt effective action, gives a divergent result for b8.
The validity of the Vilkovisky-DeWitt effective action requires cancellations between some of
the terms in the heat kernel coefficients, and in addition there are usually extra terms in the
effective action from ghost fields that are not considered here. The examples investigated
below will all have these cancellations and give finite results for the heat kernel coefficients
as ζ →∞. As mentioned earlier we will not look at the direct physical applications in this
paper.
III. COVARIANT EXPANSIONS
Recall that the operator of interest has a covariant form,
∆ = −gµν∇µ∇ν − ζP
µν∇µ∇ν +Q, (3.1)
where ∇ρP
µν = 0 and the gauge indices have been suppressed. The covariant derivative
includes both the Levi-Civita connection for gµν and the gauge connection Wµ, with any
tangent-space indices on the fields included alongside internal gauge indices. Since the
commutator of two covariant derivatives produces a curvature term, we need only consider
the case where P µν is symmetric in the spacetime indices.
The first step in applying the general formalism is to write the operator (3.1) in the form
(2.9) and identify the expressions for Aµν , Bµ and C. Some simplification occurs if we make
a preliminary rescaling by the determinant |g(x)| to a new operator ∆′ of the form,
∆′ = |g(x)|1/4∆|g(x′)|−1/4. (3.2)
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This has no effect on the heat kernel coefficients. (This has been checked in the examples
described below by explicit calculation.) In coordinates, the new operator becomes
∆′ = −
(
∂µ −
1
2
ω,µ +Wµ
)
(gµν + ζP µν)
(
∂ν +
1
2
ω,ν +Wν
)
+Q (3.3)
where ω = ln |g(x)|−1/2. We can read off the matrix coefficients of the operator ∆′ at an
arbitrary point x′,
Aµν = −gµν − ζP µν (3.4)
Bµ = ∂νA
µν + AµνWν +WνA
µν (3.5)
C = Q+ (∂νA
µν)
(
Wν +
1
2
ω,ν
)
+
1
4
Aµν(2ω,µν − ω,µω,ν)
+Aµν∂µWν +WµA
µνWν . (3.6)
The next step is to find the coefficients in the normal coordinate expansions of Aµν , Bµ and
C as defined in (2.11)–(2.13). We require the normal coordinate expansions of the metric,
the gauge field, the endomorphism Q and the covariantly constant tensor P µν . The normal
coordinate expansion for the metric is a standard result (see [40] for example),
gµν(x
′) = δµν −
1
3
yαyβ Rµανβ −
1
6
yαyβyγ Rµανβ;γ
+yαyβyγyδ
(
−
1
20
Rµανβ;γδ +
2
45
RµαβλRνγδ
λ
)
+ · · · , (3.7)
gµν(x′) = δµν +
1
3
yαyβ Rµα
ν
β +
1
6
yαyβyγ Rµα
ν
β;γ
+yαyβyγyδ
( 1
20
Rµα
ν
β;γδ +
1
15
RµαβλR
ν
γδ
λ
)
+ · · · , (3.8)
ω(x′) = 1 +
1
6
Rαβy
αyβ +
1
12
Rαβ;γy
αyβyγ
+
(
1
40
Rαβ;γδ +
1
180
RµαβνR
ν
γδµ
)
yαyβyγyδ + . . . . (3.9)
When expanding the gauge connection, we choose a basis for the internal space and parallel
transport it from x to x′. The details can be found in [40], and the result is that
Wµ(x
′) = −
1
2
Fµαy
α −
1
3
Fµα;β y
αyβ
−
(
1
8
Fµα;βγ +
1
18
RµανβFγ
ν
)
yαyβyγ + . . . . (3.10)
The semi-colon denotes a covariant derivative with both the Levi-Civita and gauge connec-
tion. The normal coordinate expansions of the matrices Q and P µν can be obtained by
expanding the covariant derivatives order by order in yµ,
Q(x′) = Q+ yαQ;α +
1
2
yαyβ Q;αβ + · · · , (3.11)
13
P µν(x′) = P µν +
1
3
R(µασβP
ν)σyαyβ +
1
6
R(µασβ;γP
ν)σyαyβyγ
+
(
1
20
R(µασβ;γδP
ν)σ +
1
36
RµαβρR
ν
γδσP
ρσ
+
7
180
RσαβρR
µ
γδσP
ν)σ
)
yαyβyγyδ + . . . . (3.12)
All terms on the right-hand side of these equations are evaluated at the origin of normal
coordinates. The expansion has been done up to the order we require for the calculation
of E2, but these expansions could be continued to arbitrary order in principle. In these
expansions we have converted all of the spacetime indices on Q and P µν that correspond to
the fields to tangent space indices with the appropriate vierbeins. In some of the expressions
in the particular examples described later we do not do this as it provides a useful check on
the detailed calculations.
With these expansions it is easy to verify that the assumptions that we made concerning
the expansions of Aµν and Bµ are met. (Specifically, there is no term in the expansion of Aµ
that is linear in yα, and the expansion of Bµ begins at order yα.) Furthermore, the matrix
coefficients Aµνα etc have at most one factor of P
µν and their order is related to the orders
of Rµνρσ, Q and P
µν if we set
ordRµνρσ = ordFµν = ordQ = 2, ord∇ = 1, ordP
µν = 0. (3.13)
The earlier result Lemma II.1 then implies
Theorem III.1 The general coefficient En(x,∆) for the special class of operators is a co-
variant polynomial in Rµνρσ, Q and P
µν and their derivatives with ordEn = 2n containing
at most 3n factors of P µν.
We can always choose an orthonormal frame at the point x, and then we find in the follow-
ing section that P µν consists of a series of Kronecker delta tensors, some of them mixing
spacetime and internal tangent bundle indices. After substituting for P µν , the heat kernel
coefficient will consist of terms which have contractions of Rµνρσ, Q and their derivatives.
As an example, the explicit coefficients that we will need for E1 are
Aµν = −δµν − ζP µν, (3.14)
Aµναβ = −
1
3
Rµα
ν
β −
1
3
ζR(µαρβP
ν)ρ. (3.15)
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The remaining coefficients are expressed in terms of Aµν for simplicity,
Bµα = 2A
µν
αν −
1
2
{Aµν , Fνα} , (3.16)
C = Q +
1
6
AµνRµν , (3.17)
where {F,G} is used for the anti-commutator FG + GF . Higher order terms for specific
cases are given in the next section.
TABLE I. The sub-coefficients in the traced heat kernel coefficient TrE1 for the special class of
non-minimal operators in spacetime dimension m and u = (1 + ζ)−m/2. ζ is defined in (3.1).
Term Expression
a1
1
6
a2 −1
a3 −
u− 1
m
a4 −
(m+ 2) (mζ − 2m+ 4 ζ + 10) (u− 1)
12 (m− 2)m (m− 1)
+
ζ
(
−9m+m2 + 2
)
6 (m− 2)m (m− 1)
a5
(
8 +m2ζ + 4 ζ
)
(u− 1)
4 (m− 2) (m− 1)m2
+
ζ
(m− 2)m (m− 1)
a6
2 (4 + 2 ζ +mζ) (u− 1)
m− 2
+
4mζ
m− 2
The covariant E1 coefficient can be obtained by substituting the normal coordinate ex-
pansions (3.14)-(3.17) into the general expression (2.38) for the E1 coefficient. The appendix
explains how some of the terms can be simplified by using the symmetry under tetrad ro-
tations. It is possible to replace most of the P µν terms by a trace over spacetime indices
P = P µµ. The traced E1 coefficient is then
TrE1 = a1RTr(I) + a2TrQ + a3TrPQ+ a4RTrP + a5RTrP
2
+a6tµνρσTrP
µ[νP α]ρP βσFαβ , (3.18)
where the coefficients are given in table I. Note that these results are valid when P µν is
symmetric in the spacetime indices.
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IV. SOME APPLICATIONS
In this and the following sections we will apply the general methods from the previous
section to a number of examples of direct physical interest. The calculations in this section
on the E1 coefficient have been done in two different ways as a check on the computer
algebra programs which have been employed. The first method involves substitution into
the general result (3.18), which was obtained using Maple. The second method repeats the
general steps, with some modifications detailed below, using a Cadabra program [33, 34].
The results are summarised in table II. Agreement between the two methods gives us some
confidence in the results for the E2 coefficients in the next section, where using a general
result is impractical.
TABLE II. The heat kernel coefficient TrE1 = c1R + c2TrQ for vectors, 1−forms and rank two
symmetric tensors. The spacetime dimension is m and u = (1 + ζ)−m/2 There are two TrQ terms
for tensors which are given in section IVC.
Example c1 c2
Vector
(m+ 6 +mζ)u
6m
+
(m+ 2) (m− 3)
6m
−
u
m
−
m− 1
m
1−form
(1 + ζ)u
6
+
m− 7
6
−
u
m
−
m− 1
m
Tensor
(
m2 +m2ζ + 6mζ + 6m+ 24
)
u
6m
+
m3 −m2 − 12m− 48
12m
see section IVC
A. Real vector field
The operator that describes the quantized spin-1 vector field takes the general form
∆µν = −δ
µ
ν ∇
2 − ζ∇µ∇ν +Q
µ
ν . (4.1)
The general field indices (i and j) of the general results are simply vector spacetime indices
in this case that are raised and lowered with the spacetime metric gµν as usual. Here ζ is
treated as a constant and arises in quantum field theory from a gauge fixing condition of the
Landau-Feynman type. Qµν is a general second rank tensor field that typically involves just
16
the Ricci tensor in the case of the Maxwell field. If the vector field is massive then there will
be an additional term m2δµν where m is the mass. We will not specify the details of Q
µ
ν
here. Additionally we do not use the vierbein to relate the spacetime indices on Q to those
in the tangent space. As mentioned, this provides an independent check on our results.
The first step in applying the general results is to write the operator (4.1) in the form
of (2.9) and identify the expressions for Aµν , Bµ and C. This is done simply by expanding
out the covariant derivatives in terms of the ordinary ones and comparing coefficient of
the derivatives that occur. We do not employ the rescaling by |g|1/4 which we used in the
previous section, so now the results are
(
Aµν
)λ
τ = −g
µν δλτ −
1
2
ζ
(
gλµ δντ + g
λν δµτ
)
, (4.2)(
Bµ
)λ
τ = −2 g
µν Γλντ + g
αβ Γµαβ δ
λ
τ − ζ g
µλ Γνντ , (4.3)(
C
)λ
τ = Q
λ
τ + g
αβ Γγαβ Γ
λ
γτ − g
αβ Γλβγ Γ
γ
ατ − g
αβ Γλατ,β
−ζ gλσ Γνντ,σ. (4.4)
The next step is to identify the coefficients in the normal coordinate expansions of Aµν , Bµ
and C as defined in (2.11)–(2.13). In the real vector field case this just requires the normal
coordinate expansion of the metric, inverse metric and Christoffel symbols. The relevant
expressions for the metric are given in (3.7), and for the Christoffel symbol
Γλµν(x
′) = −
1
3
yα
(
Rλµνα +R
λ
νµα
)
−
1
12
yαyβ
(
2Rλµνα;β + 2R
λ
νµα;β
+Rλανβ;µ +R
λ
αµβ;ν − Rµανβ
;λ
)
+yαyβyγ
(
−
1
20
Rλµνγ;αβ −
1
20
Rλνµγ;αβ −
1
40
Rλβνγ;µα
−
1
40
Rλβµγ;να −
1
40
Rλβνγ;αµ −
1
40
Rλβµγ;αν +
1
40
Rµβνγ
;λ
α
+
1
40
Rµβνγ
;
α
λ +
1
45
RλαµσRνβγ
σ +
1
45
RλανσRµβγ
σ
−
4
45
RλαβσRνγµ
σ −
4
45
RλαβσRµγν
σ −
1
45
RλσµβRναγ
σ (4.5)
−
1
45
RλσνβRµαγ
σ +
2
45
RλµβσRναγ
σ +
2
45
RλνβσRµαγ
σ
)
+ · · · .
All curvature terms are evaluated at the origin of Riemann normal coordinates where the
metric tensor reduces to δµν . Unlike in the previous section, we use the normal coordinate
frame for the internal vector indices so that the expansion for Qλτ turns out to be
Qλτ (x
′) = Qλτ + y
αQλτ ;α
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+
1
2
yαyβ
(
Qλτ ;αβ +
1
3
RλασβQ
σ
τ −
1
3
RσατβQ
λ
σ
)
+ · · · , (4.6)
with the usual understanding that all terms on the right hand side are evaluated at the
origin of Riemann normal coordinates. We do not need all of the terms in the expansions
that are shown here to calculate E0 and E1, but they will be needed in the next section
when we calculate E2.
With these expansions again it is easy to verify that the assumptions that we made
concerning the expansions of Aµν and Bµ above are met. (Specifically, there is no term in
the expansion of Aµν that is linear in yα, and the expansion of Bµ begins at order yα.) The
explicit coefficients that we will need for E1 are(
Aµν0
)λ
τ = −δ
λ
τ δ
µν −
1
2
ζ
(
δµλδντ + δ
νλδµτ
)
, (4.7)(
Aµναβ
)λ
τ = −
1
3
δλτR
µ
α
ν
β −
1
6
ζ
(
δντR
λ
α
µ
β + δ
µ
τR
λ
α
ν
β
)
, (4.8)(
Bµα
)λ
τ =
2
3
δλτR
µ
α −
2
3
Rατ
λµ −
2
3
Rα
µλ
τ +
1
3
ζ δµλRτα, (4.9)(
C0
)λ
τ = Q
λ
τ +
1
3
Rλτ +
1
3
ζ Rλτ , (4.10)
The expansions needed for E2 are given in an appendix.
We can identify P µν in (2.29) from (B1) as
(
P µν
)λ
τ =
1
2
(
δµλδντ + δ
νλδµτ
)
. (4.11)
We then have Pˆ in (2.30) given by
(
Pˆ
)λ
τ = pˆ
λpˆτ , (4.12)
and it is easy to see that our assumption in (2.31) holds. All of the assumptions that we
made in deriving the general results for E0 and E1 are satisfied in the case of a real vector
field. It is now a straightforward, yet algebraically tedious matter, to use the results given
here to evaluate the expressions given in (2.34) and (2.38). The result for the trace of E0
turns out to be the same as before
TrE0 = m− 1 + (1 + ζ)
−m/2. (4.13)
(The untraced E0 is a multiple of the identity.) For E1 we find
TrE1 = c1R + c2TrQ. (4.14)
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where c1 and c2 are given in table II. (The untraced expression for E1 is a special case of the
result given in C.) In the limit where we take ζ = 0, so that the operator becomes minimal,
we recover the standard result [3, 38]
TrE1 =
1
6
RTr I − TrQ. (4.15)
This is true regardless of the spacetime dimension. Finally, our results apply to 1−forms
with operator
∆ = δd+ (1 + ζ) dδ +Q, (4.16)
where d is the exterior derivative with adjoint δ. We have to make the replacement Qµ
ν →
Qµ
ν + Rµ
ν to recover the form of the vector operator (4.1), and this gives the 1−form
coefficients in table II. These agree with [30].
B. Yang-Mills field
We now consider the application of our results to non-Abelian, or Yang-Mills, gauge
theories. We will use the conventions of [41]. The covariant form of the operator is (with
gauge indices suppressed)
∆µν = −δ
µ
νD
2 − ζ DµDν +R
µ
ν − 2F
µ
ν . (4.17)
Here Dµ = ∇µ+Aµ is the gauge covariant derivative, the tangent space connection sits in ∇µ
and the Yang-Mills gauge field Aµ has been separated out. The gauge coupling constant has
been absorbed into the gauge field. In terms of the usual gauge fields Aaµ, where a, b, c, . . .
represent the Lie algebra indices, we have Aµ = gA
a
µTa and the Yang-Mills field strength
Fµν = gF
a
µνTa with Ta the anti-hermitian generators for the Lie algebra of the gauge group.
We let fabc represent the structure constants and restrict attention to gauge groups whose
Killing metric is the Kronecker delta (so that there is no distinction between upper and lower
group indices) and that have totally antisymmetric structure constants fabc. If we write out
the operator in (4.17) with the gauge connection expanded out we have
∆aµbν = −
(
δµν g
αβ + ζ gµαδβν
)[
δab∇α∇β − gf
a
bcA
c
β∇α − gf
a
bcA
c
α∇β
−gfabc∇αA
c
β + g
2facdf
c
beA
d
αA
e
β
]
+Qaµbν . (4.18)
For the Yang-Mills field we have
Qaµbν = δ
a
bR
µ
ν + 2gf
a
bcF
cµ
ν , (4.19)
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but we will obtain results valid for arbitrary Qaµbν here before specializing to Yang-Mills.
Our general results require the operator to be written in the general form of (2.9). In
the present case the general index i stands for a pair of indices (a, µ). Expanding out the
spacetime covariant derivatives will generate terms like those for the real vector field in
Sec. IVA. In fact it is easy to see that
(
Aαβ
)aµ
bν = δ
a
b
(
Aαβvec
)µ
ν , (4.20)
where
(
Aαβvec
)µ
ν was the real vector field result in (4.2). The operator P
µ
ν has the special
form with Pˆ 2 = Pˆ as before. The relevant expansion coefficients defined in (2.11) are simply
obtained from those in (B1)–(B4) by multiplying by δab.
The results for
(
Bα
)aµ
bν and
(
C
)aµ
bν can be read from (4.18). In order to obtain the
normal coordinate expansions we use (3.7), (3.8), (4.5) and the expansions of the gauge field
(3.10). The matrix coefficients we require for E1 are found to be
(
Bαβ
)aµ
bν = δ
a
b
(
Bαβ vec
)µ
ν − g δ
µ
ν f
a
bcF
cα
β
−
1
2
ζ g δαν f
a
bcF
cµ
β −
1
2
ζ g δαµ fabc F
c
νβ. (4.21)
and (
C0
)aµ
bν = δ
a
b
(
C˜0vec
)µ
ν +
1
2
ζ g fabc F
cµ
ν +Q
aµ
bν . (4.22)
Here
(
Bαvec
)µ
ν is the real vector field result and
(
C˜0 vec
)µ
ν is the real vector field result given
in (B8) with the omission of the term in Qµν .
As already explained, because of (4.20) we have
(
P αβ
)aµ
bν = δ
a
b
(
P αβvec
)µ
ν , and hence
(
G0
)aµ
bν = δ
a
b
(
G0 vec
)µ
ν , (4.23)
where
(
G0 vec
)µ
ν is the real vector field Green function given from (2.32) and (4.11). After
some calculation, the result for the trace of E1 turns out to be
TrE1 = c1dGR + c2TrQ, (4.24)
where the trace is over the group and tangent space indices and
c1 =
1
6
(m+ ζ) +
1
6m
(m+mζ + 6)[(1 + ζ)−m/2 − 1]. (4.25)
c2 = −1 +
1
m
[1− (1 + ζ)−m/2]. (4.26)
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(The untraced expression is given in C.) In the special case of pure Yang-Mills theory where
Qaµbν is given by (4.19) we have
TrE1 =
1
6
(
(1 + ζ)1−m/2 + (m− 7)
)
dGR. (4.27)
In the case of m = 4, this agrees with standard results [24, 25], and for dG = 1 we recover
the 1−form result [27].
C. Spin-2 gravity
For gravity we will let gµν be the background spacetime metric and let hµν denote the
quantum fluctuation about the background. If we choose hµν as our basic fields, then the
natural metric on the space of fields is the DeWitt metric
Gµν ρσ =
1
2
(gµρgνσ + gµσgνρ − gµνgρσ). (4.28)
The inverse of the DeWitt metric only exists in spacetimes whose dimension is other than
2. It is convenient to treat the lower indices as the internal components corresponding to
the index i in the generic field ϕi. If this is done, the relevant operator for the spin-2 field is
(
∆
)
µν
λτ = −
(
Σαβ
)
µν
λτ∇α∇β +Qµν
λτ , (4.29)
where (
Σαβ
)
µν
λτ = gαβ δλτµν + ζ
(
δαλµν g
βτ + δατµν g
βλ − δαβµν g
λτ
)
. (4.30)
We have introduced
δαβµν =
1
2
(
δαµ δ
β
ν + δ
α
ν δ
β
µ
)
, (4.31)
which is the identity operator on the space of symmetric second rank tensors. It is important
to remember that the DeWitt metric must be used to raise and lower field indices, rather
than simply using the spacetime metric. We will keep Qµν
λτ general here, but record that in
the case of Einstein gravity with a cosmological constant (see Eq. (2.62) of [25] for example)
Qµν
λτ = Rλµν
τ +Rλνµ
τ −
1
2
(
δλµR
τ
ν + δ
τ
µR
λ
ν + δ
λ
νR
τ
µ + δ
τ
νR
λ
µ
)
+gλτ Rµν +
2
(m− 2)
gµν
(
Rλτ −
1
2
Rgλτ
)
+ (R− 2Λ) δλτµν , (4.32)
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with some additional terms that can be found in [25] for the Vilkovisky-DeWitt effective
action. The inverse of the DeWitt metric is
Gµν ρσ =
1
2
(gµρgνσ + gµσgνρ) +
1
(2−m)
gµνgρσ. (4.33)
This clearly requires m 6= 2, and so we do not consider the case m = 2 for gravity. When
expanding the Einstein-Hilbert action to quadratic order in hµν the term that does not
involve any derivatives of hµν can be written as
1
2
hµνS
µνλτhλτ , and the relation between
Sµνλτ and Qµν
λτ in (4.32) is
Qµν
λτ = Gµν αβ S
αβλτ . (4.34)
It can be advantageous to write the result for the heat kernel coefficients in terms of Sµνλτ
since it can be read off simply from the expansion of the action; however it is Qµν
λτ that
enters our basic formalism.
We now require the coefficients that appear when the operator is written in the required
form in (2.9). The results turn out to be
(
Aαβ
)
µν
λτ = −
1
2
(
Σαβ
)
µν
λτ −
1
2
(
Σβα
)
µν
λτ , (4.35)(
Bα
)
µν
λτ =
(
Σρσ
)
µν
λτΓαρσ
+
[(
Σαβ
)
µν
ρσ +
(
Σβα
)
µν
ρσ
](
δτσ Γ
λ
βρ + δ
λ
σ Γ
τ
βρ
)
, (4.36)(
C
)
µν
λτ = Qµν
λτ +
(
Σαβ
)
µν
γδ
[
Γσβγ,αδ
λτ
σδ + Γ
σ
βδ,αδ
λτ
σγ − Γ
σ
αβΓ
ρ
σγδ
λτ
ρδ
−ΓσαβΓ
ρ
σδδ
λτ
ργ − Γ
σ
αγΓ
ρ
βσδ
λτ
ρδ − Γ
σ
αγΓ
ρ
βδδ
λτ
ρσ − Γ
σ
αδΓ
ρ
βγδ
λτ
ρσ
−ΓσαδΓ
ρ
βσδ
λτ
ργ
]
. (4.37)
We now expand these coefficients in Riemann normal coordinates to obtain the expansion
coefficients defined in (2.11)–(2.13). The expansions (3.7)–(3.12) may be used here. Of
special interest is (see (2.29) for the definition)
(
P αβ
)
µν
λτ =
1
2
(
δαλµν δ
βτ + δατµν δ
βλ + δβλµν δ
ατ + δβτµν δ
αλ − 2 δαβµν δ
λτ
)
. (4.38)
From (2.30) it can be seen that
(
Pˆ
)
µν
λτ =
(
δαλµν δ
βτ + δατµν δ
βλ − δαβµν δ
λτ
)
pˆαpˆβ , (4.39)
which obeys the required relation (2.31):
(
Pˆ
)
µν
λτ
(
Pˆ
)
λτ
ρσ =
(
Pˆ
)
µν
ρσ. (4.40)
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that was assumed in the derivation of our general results.
The normal coordinate expansions of all of the required coefficients that enter the Green
function (2.23) are easily found from (3.8) and (4.5). These are not repeated here for brevity.
After following the method described above we find
TrE1 = g
µνgρσQµν
ρσ
{
(1 + ζ)−m/2 − 1
m
}
+δρσ
µνQµν
ρσ
{
2−m− 2 (1 + ζ)−m/2
m
}
+R
{
(m3 −m2 − 12m− 48)
12m
+
(1 + ζ)m2 + 6 (1 + ζ)m+ 24
6m
(1 + ζ)−m/2
}
. (4.41)
(The untraced expression is more lengthy and is not given here or in C for brevity.) As a
check on our result, if we let ζ → 0, so that we have a minimal operator, it can be seen
that (4.41) becomes equal to the standard result of Tr(E1) = Tr(
1
6
RI−Q). (For symmetric
rank two tensors tr(I) = 1
2
m(m+ 1).)
In the special case of Einstein gravity, from (4.32), we find
TrE1 = Λ
[
m(m− 1) + 2m(1 + ζ)−m/2
]
(4.42)
+R
{
−
(5m2 − 17m+ 36)
12
+
(18− 5m+ (m+ 6)ζ)
6
(1 + ζ)−m/2
}
.
V. E2 COEFFICIENT
In this section we will calculate the trace of the E2 coefficient for the three examples that
we have discussed previously. As before, we will only look at the trace of the coefficient here
for simplicity as this reduces the number of terms involved considerably. It is the traced
coefficient that is of direct application to quantum field theory in one-loop calculations,
especially in four dimensions where it can be used to describe the renormalisation or cut-off
scale dependence of terms in the effective action. The untraced coefficients can be evaluated
and will be given elsewhere since they are of interest to quantum field theory calculations
beyond one-loop order.
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A. Real vector field
Following theorem III.1, can write the traced E2 coefficient in terms of invariants as
TrE2 = a1∇
2Q+ a2Q
µν
;µν + a3∇
2R + a4Q
2 + a5Q
µνQµν + a6RQ
+a7RµνQ
µν + a8R
2 + a9RµνR
µν + a10RµνλτR
µνλτ . (5.1)
Here Q = Qµµ, and Qµν has been assumed to be symmetric. The results for the coefficients
a1 . . . a10 obtained from the method described in the previous sections are given below.
a1 =
(−m4ζ2 + 5m3ζ2 − 2m2ζ2 − 32mζ2 + 96ζ2 + 192ζ + 96)
6(m− 4)(m2 − 4)mζ2
−(1 + ζ)1−m/2
(m3ζ2 + 6m2ζ2 + 8mζ2 + 48mζ + 96ζ + 96)
6(m− 4)(m2 − 4)mζ2
, (5.2)
a2 = − (1 + ζ)
1−m/2 (m
3ζ2 − 4mζ2 − 24mζ − 48m− 48ζ)
3 (m− 4)mζ2 (m2 − 4)
−
4 ζ2m+ 5m3ζ2 − 24m2ζ2 + 48 ζ2 + 72mζ + 48 ζ − 24m2ζ + 48m
3 (m− 4)mζ2 (m2 − 4)
, (5.3)
a3 =
1
30(m− 4)(m2 − 4)mζ2
[
240(m− 2)− 120(6− 3m+m2)ζ
+
(
m5 − 5m4 + 15m3 − 70m2 + 104m− 240
)
ζ2
]
+
(1 + ζ)1−
m
2
30(m− 4)(m2 − 4)mζ2
[
m(m2 − 4)(m+ 1)ζ3
+m(m+ 1)(m+ 2)(m+ 8)ζ2 + 120(m+ 2)ζ − 240(m− 2)
]
, (5.4)
a4 =
(4 + 2ζ +mζ)
2m (m2 − 4) ζ
(1 + ζ)−m/2 +
(mζ − 2ζ − 4)
2m (m2 − 4) ζ
, (5.5)
a5 = −
(4 ζ + 4m+ 2mζ)
2m (m2 − 4) ζ
(1 + ζ)−m/2
−
(2mζ − 4m− 4ζ −m3ζ + 2m2ζ)
2m (m2 − 4) ζ
, (5.6)
a6 =
(−m2ζ2 − 2mζ2 −m2ζ − 8mζ − 12ζ − 24)
6m (m2 − 4) ζ
(1 + ζ)−m/2
+
(−m3ζ +m2ζ + 12ζ + 24)
6m (m2 − 4) ζ
, (5.7)
a7 =
(m2ζ2 + 2mζ2 + 8mζ +m2ζ + 12ζ + 12m)
3m (m2 − 4) ζ
(1 + ζ)−m/2
−
(12ζ + 8mζ − 5m2ζ + 12m)
3m (m2 − 4) ζ
, (5.8)
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a8 =
(m4 −m3 − 16m2 + 16m− 72) ζ − 144
72(m2 − 4)mζ
+
(1 + ζ)−m/2
72(m2 − 4)mζ
[
144 + (m+ 2)(m2 + 10m+ 36)ζ
+2m(m+ 2)(m+ 4)ζ2 +m
(
m2 − 4
)
ζ3
]
, (5.9)
a9 =
360m+ (−m4 +m3 − 116m2 + 296m+ 360) ζ
180(m2 − 4)mζ
(5.10)
−
(1 + ζ)−m/2
180(m2 − 4)mζ
[
360m+ (m+ 2)(m2 + 58m+ 180)ζ
+2m
(
m2 + 30m+ 56
)
ζ2 +m(m2 − 4)ζ3
}
,
a10 =
1
180
(1 + ζ)2−m/2 +
1
180
(m− 16) . (5.11)
TABLE III. Limiting form of the sub-coefficients in the traced heat kernel coefficient TrE2 for
vectors for minimal operators ζ = 0 or spacetime dimension m = 4.
Term ζ = 0 m = 4
a1 −
1
6
(1 + 2ζ) ln (1 + ζ)
6 ζ2
−
8 ζ2 + 21 ζ + 6
36 ζ (1 + ζ)
a2 0 −
(4− ζ) ln (1 + ζ)
6 ζ2
−
13 ζ2 − 6 ζ − 24
36 ζ (1 + ζ)
a3
m
30
−
(
ζ2 + 5 ζ − 2
)
ln (1 + ζ)
12 ζ2
+
133 ζ2 + 168 ζ − 60
360 ζ (1 + ζ)
a4 0
ζ2
48 (1 + ζ)2
a5
1
2
12 + 18 ζ + 7 ζ2
24 (1 + ζ)2
a6 −
1
6
−
4 + 6 ζ + 3 ζ2
24 (1 + ζ)2
a7 0
ζ (4 + 3 ζ)
12 (1 + ζ)2
a8
m
72
−
ζ2 − 4 ζ − 8
144 (1 + ζ)2
a9 −
m
180
−
23 ζ2 + 46 ζ + 8
360 (1 + ζ)2
a10
m− 15
180
−
11
180
25
The limits of our results for ζ = 0 and for m = 4 are given in table III. These results are
in agreement with [42] for the terms that do not involve derivatives. In the limit as m→ 4
the results of [7] are recovered, again for the terms that do not involve derivatives. For ζ = 0
we recover the results of Gilkey [38].
B. Yang-Mills field
The operator which we use for the Yang-Mills field was described in Sect. IVB. Another
application of theorem III.1 allows us to write
trE2 = a1∇
2Qaβaβ +
1
2
a2
(
Qaαa
β
;βα +Q
aβ
a
α
;βα
)
+ dG a3∇
2R
+a4Q
aα
bαQ
bβ
aβ + a
(1)
5 Q
aα
b
βQbαaβ + a
(2)
5 Q
aα
b
βQbβaα + a6RQ
aα
aα
+a7RµνQ
aµ
a
ν + dG a8R
2 + dG a9RµνR
µν + dG a10RµνλτR
µνλτ
+a11 g fabc F
a
µν Q
bµcν + a12 g
2C2 F
a
µν F
aµν , (5.12)
where C2 is the quadratic Casimir invariant of the adjoint representation of the gauge group.
The results for the coefficients a1, . . . , a4 and a6, . . . , a10 are the same as those for the real
vector field given in (5.2)–(5.5), and (5.7)–(5.11). The new coefficients are given below. The
limiting forms of these extra coefficients for ζ = 0 or m = 4 are given in table IV.
a
(1)
5 =
mζ − 2ζ − 4
2m (m2 − 4) ζ
+(1 + ζ)−m/2
(mζ + 2ζ + 4)
2m (m2 − 4) ζ
, (5.13)
a
(2)
5 =
m3ζ − 2m2ζ − 3mζ + 4m+ 6ζ + 4
2m (m2 − 4) ζ
−(1 + ζ)−m/2
(3mζ + 4m+ 6ζ + 4)
2m (m2 − 4) ζ
, (5.14)
a11 =
3mζ − 8ζ − 8
(m− 2)mζ
+ (1 + ζ)1−m/2
(mζ + 8)
(m− 2)mζ
, (5.15)
a12 =
(−m3ζ + 3m2ζ − 26mζ + 96ζ + 96)
12(m− 2)mζ
+(1 + ζ)1−m/2
(−m2ζ2 −m2ζ + 2mζ2 − 22mζ − 96)
12(m− 2)mζ
. (5.16)
In the case of pure Yang-Mills, we have
Qaαbβ = δ
a
b R
α
β + 2 g f
a
bc F
c α
β. (5.17)
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TABLE IV. Limiting form of new sub-coefficients in the traced heat kernel coefficient TrE2 for
Yang-Mills fields with minimal operators ζ = 0 or spacetime dimension m = 4.
Term ζ = 0 m = 4
a
(1)
5 0
ζ2
48 (1 + ζ)2
a
(2)
5
1
2
(13 ζ2 + 24 + 36 ζ)
48 (1 + ζ)2
a11 0
ζ
2 (1 + ζ)
a12 −
m
12
−
1
3
The number of invariants is reduced to just five, with the traced heat kernel coefficient now
trE2 = dG a
′
3∇
2R + dG a
′
8R
2 + dG a
′
9R
µνRµν
+dG a
′
10R
µνλτRµνλτ + a
′
12g
2C2(Gadj)F
a
µνF
aµν , (5.18)
The new coeficients are related to the old ones by
a′3 = a1 +
1
2
a2 + a3, (5.19)
a′8 = a4 + a6 + a8, (5.20)
a′9 = a
(1)
5 + a
(2)
5 + a7 + a9, (5.21)
a′10 = a10. (5.22)
After substituting the earlier coefficients we find,
a′3 =
m2 − 10m+ 19
30(m− 4)
+
(m+ 1)(1 + ζ)2−m/2
30(m− 4)
, (5.23)
a′8 =
1
72
(1 + ζ)2−m/2 +
m− 13
72
, (5.24)
a′9 =
91−m
180
−
1
180
(1 + ζ)2−m/2. (5.25)
a′12 =
25−m
12
−
1
12
(1 + ζ)2−m/2. (5.26)
The limiting forms of the coefficients for minimal operators or form = 4 are given in table
V. The most important coefficient here is a′12, which gives the pure Yang-Mills contribution
to the renormalisation group β−function of the gauge coupling g,
β(g) = −
g3
8pi2
a′12C2. (5.27)
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TABLE V. Limiting form of coefficients in the traced heat kernel coefficient TrE2 for pure Yang-
Mills fields with minimal operators ζ = 0 or spacetime dimension m = 4.
Term ζ = 0 m = 4
a′3
m
30
−
1
6
−
5 log(1 + ζ) + 2
60
a′8
m
72
−
1
6
−
1
9
a′9
1
2
−
m
180
43
90
a′10
m
180
−
1
12
−
11
180
a′12 2−
m
12
5
3
.
The full Yang-Mills result for this β−function can be obtained by adding a ghost field con-
tribution of 1/6 to a′12. Perhaps the most remarkable feature of the table is that only the
coefficient of the ∇2R term has a dependence on the non-minimal parameter ζ in four di-
mensions. Ordinarily, each term in the integrated heat kernel coefficient defines a generalised
type of β−function by adding Vilkovisky-DeWitt corrections or taking the limit ζ → ∞.
The pure Yang-Mills case is special, in the sense that the Vilkovisky corrections to these
β−functions vanish.
In the case of m = 4 the results for the terms that are not total derivatives agree with
Barvinsky and Vilkovisky [7]. Most of the terms here for general m agree with those of
Gusynin and Kornyak [31] and [32], although there are some minor differences and the
results of these two references are not in complete agreement with each other. Our results
do agree with some of the expressions in [31] and some of those in [32] so that the most
likely explanation is minor typographical errors in these two references.
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C. Gravity
The operator for rank two tensors was described in Sect. IVC. Application of theorem
III.1 allows us to express the trace of E2 in the form
TrE2 = t1 S
αβµ
µ;αβ +
1
6(m− 2)
∇2Sαα
β
β + t2 S
αµβ
µ;αβ + t3∇
2Sαµαµ
+t4 S
α
α
βµSννβµ +
1
2(m− 2)2
(
Sαα
β
β
)2
+t5 SαβµνS
αµβν + t5 S
αβ
αµSβν
µν + t6 SαβµνS
αβµν
+
1
6(m− 2)
RSαα
β
β + t7RS
αβ
αβ + t8RαβS
αβµ
µ
+t9RαβS
αµβ
µ + t10RαβµνS
αµβν + t11∇
2R + t12R
2
+t13RµνR
µν + t14RµναβR
µναβ . (5.28)
The coefficients t11, . . . , t14 that follow after applying the general formalism are,
t1 = −
4
(
(1 + ζ)(4 +mζ)(1 + ζ)−m/2 +mζ − 4ζ − 4
)
(m− 4)(m− 2)mζ
, (5.29)
t2 = −
2(1 + ζ) ((m− 8)m(m+ 2)ζ2 − 48(m+ 2)ζ − 48m)
3m(m− 4)(m2 − 4)ζ2
−
2(1 + ζ)m/2
3m(m− 4)(m2 − 4)ζ2
[
(m− 4)(5m2 − 10m− 24)ζ2
−24(m2 − 4m− 4)ζ + 48m
]
, (5.30)
t3 =
(−m4ζ2 + 6m3ζ2 − 8m2ζ2 − 48mζ2 + 192ζ2 + 384ζ + 192
6m(m− 4)(m2 − 4)ζ2
−2(1 + ζ)1−m/2
m (m2 + 6m+ 8) ζ2 + 48(m+ 2)ζ + 96
6m(m− 4)(m2 − 4)ζ2
, (5.31)
t4 = −
m2ζ − 4mζ + 4ζ + 4
(m− 2)2mζ
+ 4 (1 + ζ)1−m/2
1
(m− 2)2mζ
, (5.32)
t5 =
2(mζ + 2ζ + 4)(1 + ζ)−
m
2 + 2(mζ − 2ζ − 4)
m (m2 − 4) ζ
, (5.33)
t6 =
m3ζ − 4m2ζ + 8m+ 8ζ + (−4mζ − 8m− 8ζ)(1 + ζ)−
m
2
2m (m2 − 4) ζ
, (5.34)
t7 =
−m3ζ + 2m2ζ − 4mζ + 24ζ + 48
6m (m2 − 4) ζ
−(1 + ζ)−m/2
(2m2ζ2 + 2m2ζ + 4mζ2 + 16mζ + 24ζ + 48)
6m (m2 − 4) ζ
, (5.35)
t8 =
(−4mζ − 8ζ − 16)(1 + ζ)−
m
2 − 4mζ + 8ζ + 16
m (m2 − 4) ζ
, (5.36)
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t9 =
2 (5m2ζ − 20mζ − 12m+ 36ζ + 72)
3m (m2 − 4) ζ
+2 (1 + ζ)−m/2
(−2m2ζ2 +m2ζ − 4mζ2 − 16mζ + 12m− 36ζ − 72)
3m (m2 − 4) ζ
, (5.37)
t10 =
−6m2ζ + 8mζ + 16m+ 24ζ + 16
m (m2 − 4) ζ
− (1 + ζ)−m/2
(2m2ζ2 + 2m2ζ + 4mζ2 + 16mζ + 16m+ 24ζ + 16)
m (m2 − 4) ζ
, (5.38)
t11 =
1
60m(m− 4)(m+ 2)ζ2
[
(m5 − 3m4 + 24m3 − 172m2 − 480m+ 960)ζ2
+240(m2 − 12)ζ + 480(m+ 4)
]
+
(1 + ζ)−m/2
60m(m− 4)(m+ 2)ζ2
[
2m2(m+ 2)(m+ 6)ζ4 + 2m2(m+ 2)(2m+ 17)ζ3
+2(m− 4)(m+ 2)(m2 + 15m+ 60)ζ2 − 960(m+ 3)ζ − 480(m+ 4)
]
, (5.39)
t12 =
m5ζ −m4ζ − 28m3ζ − 68m2ζ + 96mζ − 2016ζ − 288m− 2880
144m (m2 − 4) ζ
+
(1 + ζ)−m/2
144m (m2 − 4) ζ
[
2m(m2 − 4)(m+ 12)ζ3 + 4m(m+ 2)(m2 + 10m+ 48)ζ2
+2(m+ 2)(m3 + 10m2 + 84m+ 504)ζ + 288(m+ 10)
]
, (5.40)
t13=
(−m5 +m4 − 236m3 − 4m2 + 3120m− 10080)ζ + 720m2 + 1440m− 14400
360m(m− 2)(m+ 2)ζ
+
(1 + ζ)−m/2
180m(m− 2)(m+ 2)ζ
[
−m(m− 2)(m+ 2)(m− 90)ζ3
−2m(m+ 2)(m2 + 28m− 240)ζ2 − (m+ 2)(m3 + 58m2 + 240m− 2520)ζ
−360(m2 + 2m− 20)
]
, (5.41)
t14 =
(m5 − 31m4 − 34m3 − 956m2 + 3360m+ 6480)ζ + 4320(m+ 1)
360m (m2 − 4) ζ
+
(1 + ζ)−m/2
360m (m2 − 4) ζ
[
2m(m2 − 4)(m− 15)ζ3
+4m(m+ 2)(m2 − 17m− 240)ζ2
+2(m+ 2)(m3 − 17m2 − 510m− 1620)ζ − 4320(m+ 1)
]
, (5.42)
As a check on the results, in the minimal case where ζ = 0 we have the results given in
the first column of table VI. These are in exact agreement with what is found from using
the standard formula [3]. The m = 4 results are given in the second column. Note that the
coefficients which diverge in the ζ →∞ limit are all terms that multiply total derivatives.
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TABLE VI. Limiting form of coefficients in the traced heat kernel coefficient TrE2 for the gravi-
tational field with minimal operators ζ = 0 or spacetime dimension m = 4.
Term ζ = 0 m = 4
t1 0 −
(ζ + 2)ζ − 2(1 + ζ) log(1 + ζ)
2(1 + ζ)ζ
t2 0 −
2
(
ζ
(
ζ2 − 6ζ − 6
)
+ 3
(
ζ2 + 3ζ + 2
)
log(1 + ζ)
)
9(1 + ζ)ζ2
t3 −1/6
ζ
(
−5ζ2 − 18ζ − 6
)
+ 6
(
2ζ2 + 3ζ + 1
)
log(1 + ζ)
18(1 + ζ)ζ2
t4 −1/(m− 2) −
ζ + 2
4(1 + ζ)
t5 0
ζ2
12(1 + ζ)2
t6 1/2
ζ2 + 6ζ + 6
12(1 + ζ)2
t7 −1/6 −
ζ2 + 2ζ + 2
12(1 + ζ)2
t8 0 −
ζ2
6(1 + ζ)2
t9 0
ζ(3ζ + 4)
6(1 + ζ)2
t10 0 −
(6 + 5ζ)ζ
6(1 + ζ)2
t11 m(m+ 1)/60
4ζ
(
2ζ2 − 3
)
−
(
6ζ3 + 9ζ2 − 9ζ − 12
)
log(1 + ζ)
9(1 + ζ)ζ2
t12 m(m+ 1)/144 −
23ζ2 + 16ζ − 10
72(1 + ζ)2
t13 −m(m+ 1)/360 −
11ζ2 + 28ζ + 2
36(1 + ζ)2
t14 (m
2 − 29m− 60)/360 −
23ζ2 + 64ζ + 32
72(1 + ζ)2
In the case of Einstein gravity, with a cosmological constant Λ, we have six invariants,
trE2 = e1∇
2R + e2RαβγδR
αβγδ + e3RαβR
αβ
+ e4R
2 + e5RΛ + e6 Λ
2. (5.43)
After substituting for Sµνρσ in (5.28), the coefficients are as follows:
e1 =
(−2m4 + 11m3 − 28m2 − 116m+ 480)ζ2 + 960ζ + 480
30(m− 4)(m+ 2)ζ2
+
(1 + ζ)−m/2
30(m− 4)(m+ 2)ζ2
[
m(m+ 2)(m+ 6)ζ4 −m(m+ 2)(3m+ 8)ζ3
31
−2(m+ 2)(2m2 + 7m+ 120)ζ2 − 240(m+ 4)ζ − 480
]
(5.44)
e2 =
(m2 − 31m+ 510)
360
+
(m− 15)
180
(1 + ζ)2−m/2 (5.45)
e3 =
1
360(m− 2)2(m+ 2)ζ
[
1440
(
3m2 − 6m− 8
)
−(m− 2)
(
m4 − 181m3 + 3176m2 − 2636m− 13680
)
ζ
]
+
(1 + ζ)−m/2
180(m− 2)2(m+ 2)ζ
[
− (m− 90)(m− 2)2(m+ 2)ζ3
−2(m2 − 4)(m2 − 32m+ 540)ζ2
−(m+ 2)
(
m3 + 26m2 + 2284m− 6120
)
ζ
−720
(
3m2 − 6m− 8
) ]
(5.46)
e4 =
1
144m(m− 2)2(m+ 2)ζ
[
− 576(3m2 − 6m− 8)
(25m6 − 195m5 + 622m4 + 396m3 − 5192m2 + 3480m+ 4608)ζ
]
+
(1 + ζ)−m/2
72m(m− 2)2(m+ 2)ζ
[
(m− 2)2m(m+ 2)(m+ 12)ζ3
−2m(m2 − 4)
(
5m2 + 2m− 120
)
ζ2
+(2 +m)(25m4 − 280m3 + 1156m2 − 1104m− 1152)ζ
+288
(
3m2 − 6m− 8
) ]
(5.47)
e5 =
1
6
(−5m2 + 17m− 36) +
1
3
[(m+ 6)ζ + 18− 5m] (1 + ζ)−m/2 (5.48)
e6 = m(m− 1) + 2m (1 + ζ)
−m/2 (5.49)
The limiting form of the coefficients for minimal operators (with ζ = 0) or spacetime
dimension four (m = 4) are given in table VII. The results for a minimal operator withm = 4
were first worked out by Christensen and Duff [43] for gravity with a cosmological constant.
The table agrees with their results in the case they considered which had Rµν = Λgµν .
Unlike in the pure Yang-Mills case, the coefficients for m = 4 depend on the parameter ζ
and in general they have a different value from case of a minimal operator. In order to define
β−functions (in the generalised sense since the terms are non-renormalizable) we have to add
in the ghost field contributions and take the Vilkovisky-DeWitt limit ζ →∞. The minimal
operator, without Vilkovisky-DeWitt corrections, does not give the correct β−functions.
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TABLE VII. Limiting form of coefficients in the traced heat kernel coefficient TrE2 for Einstein
gravity with minimal operators ζ = 0 or spacetime dimension m = 4.
Term ζ = 0 m = 4
e1
1
30
(3− 2m)m −
2ζ(5ζ2 + 18ζ + 16) + 6(1 + ζ)(ζ2 − 4ζ − 2) log(1 + ζ)
9(1 + ζ)ζ2
e2
1
360
(
m2 − 29m+ 480
) 19
18
e3 −
m3 − 181m2 + 1438m − 720
360(m− 2)
−
55ζ2 + 122ζ + 55
18(1 + ζ)2
e4
25m3 − 145m2 + 262m + 144
144(m − 2)
71ζ2 + 118ζ + 59
36(1 + ζ)2
e5
1
6
(7− 5m)m −
2
(
12ζ2 + 19ζ + 13
)
3(1 + ζ)2
e6 m(m+ 1)
4
(
3ζ2 + 6ζ + 5
)
(1 + ζ)2
VI. DISCUSSION
We have shown that, for the special class of operators which are important in quantum
field theory, the heat kernel coefficients belong to the finite algebra of invariants at the given
order, just as they do for the minimal operator. The coefficients of the individual terms
depend on the spacetime dimension and on the parameter ζ which controls the non-minimal
term. Many of these coefficients are tabulated in the text, but we realise that they are
unwieldy and so computer files containing the coefficients can be obtained by contacting the
authors.
The reliability of the calculations is a crucial issue. In order to reduce errors we have used
two different methods to evaluate the heat kernel coefficient E1, both based on momentum
space expansions. The first method gave a general formula for the trace TrE1, and the
second method used a Cadabra program to obtain results for vector, Yang-Mills and tensor
fields. The agreement between the two methods gives us some confidence that the Cadabra
program should also give reliable results for TrE2. We have checked our results against all
the previously known results for the heat kernel ceofficients of non-minimal operators.
An important application of non-minimal operators is in the evaluation of the Vilkovisky-
DeWitt effective action. The heat kernel coefficients tell us how terms in the action vary with
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changes in the cut-off scale, and can be used to define β−functions. The complexity of the
non-minimal heat kernel coefficients, combined with the fact that the Vilkovisky corrections
vanish for Yang-Mills theory, has lead to the widespread use of minimal operators throughout
quantum field theory. However, for tensor fields like gravity, the dependence of the heat
kernel on the parameter ζ indicates that we have to either add in Vilkovisky corrections to
the β−functions or use non-minimal operators in the ζ →∞ limit.
The results which we have presented can be extended to combinations of vector and
tensor fields when the operator mixes the two types of field. The general result for TrE1 can
still be used for such operators, but the calculations for TrE2 have to be redone to include
the cross-terms in the operator.
We have only considered manifolds without boundary, but heat kernel methods are also
important for manifolds with boundary. Some preliminary results for non-minimal operators
on manifolds with boundary can be found in [23], where it was proposed that non-minimal
operators may solve the problem of providing a well-posed boundary value problem for
quantum gravity. The methods we have used can be extended to the boundary case and we
hope to report on new heat kernel coefficients in the near future.
Appendix A: Tensor identities
There are relations between products of the tensor P µν due to the condition Pˆ 2 = Pˆ , and
the symmetry under frame rotations. These relations allow a reduction in the number of
terms needed to write down explicit forms for the coefficients. For example, let A denote the
pair of tangent indices (µ, ν), then TrPAPB is rotationally invariant, and symmetric under
the interchange of A and B. It must take the form
TrPAPB = β1δAδB + β2tAB, (A1)
where tAB is a totally symmetric tensor in the tangent indices. We can take the symmetric
tensors to have unit trace,
tµ1µ2...µn = cn δ(µ1µ2 . . . δµn−1µn), (A2)
where
cn =
m!(m/2− 1)!
2m(m/2 + n/2− 1)!(n/2)!
. (A3)
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For example, c2 = 1/m and c4 = 3/m(m+ 2). Contracting Eq. (A1) with combinations of
δA and pˆµpˆν gives two relations involving the spacetime trace P = P µµ,
m2β1 + β2 = TrP
2, (A4)
β1 + c4β2 = c2TrP. (A5)
Therefore it follows that β1 and β2 depend only on TrP and TrP
2. A similar argument can
be applied to products of three PA terms, so that
Lemma A.1 If PA is symmetric tensor under tetrad rotations and Pˆ is a projection, then
TrPAPB = β1δAδB + β2tAB. (A6)
TrPAPBPC = α1δAδBδC + α2δ(AtBC) + α3tABC . (A7)
where βi and αi only depend on P = P
µ
µ.
For products involving PA and the gauge curvature we make use of the condition ∇µPA = 0,
which implies
[∇ρ,∇σ]P
µν = [Fρσ, P
µν ] + 2R(µαρσP
ν)α = 0. (A8)
Terms with the gauge curvature and two PA factors contributing to E1 can be replaced by
Levi-Civita curvature terms, since
TrP µρPµ
σFρσ =
1
2
Tr [P µρ, Pµ
σ]Fρσ =
1
2
Tr [Fρσ, P
µρ]Pµ
σ (A9)
and Eq. (A8) applies. Together with Lemmas III.1 and A.1, this allows the E1 coefficient
to be expressed in the form (3.18).
Appendix B: Normal coordinate expansions
The E2 coefficients requires the normal coordinate expansions of the vector operator up
to fourth order. These expansions can be found following the procedure described in Sect.
III and are given below.
(
Aµν0
)λ
τ = −δ
λ
τ δ
µν −
1
2
ζ
(
δµλδντ + δ
νλδµτ
)
, (B1)(
Aµναβ
)λ
τ = −
1
3
δλτR
µ
α
ν
β −
1
6
ζ
(
δντR
λ
α
µ
β + δ
µ
τR
λ
α
ν
β
)
, (B2)
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(
Aµναβγ
)λ
τ = −
1
6
δλτR
µ
α
ν
β;γ −
1
12
ζ
(
δντR
λ
α
µ
β;γ + δ
µ
τR
λ
α
ν
β;γ
)
, (B3)(
Aµναβγδ
)λ
τ = −
1
20
δλτ R
µ
α
ν
β;γδ −
1
15
δλτ R
µ
αρβ R
ν
γ
ρ
δ
−
1
10
ζ
(1
4
δντ R
λ
α
µ
β;γδ +
1
4
δµτ R
λ
α
ν
β;γδ
+
1
3
δντ R
λ
ασβ R
µ
γ
σ
δ +
1
3
δµτ R
λ
ασβ R
ν
γ
σ
δ
)
, (B4)(
Bµα
)λ
τ =
2
3
δλτR
µ
α −
2
3
Rατ
λµ −
2
3
Rα
µλ
τ +
1
3
ζ δµλRτα, (B5)(
Bµαβ
)λ
τ = δ
λ
τ
(1
3
Rµα;β +
1
6
Rµαβ
σ
;σ +
1
12
Rαβ
;µ
)
−
1
3
Rατ
λµ
;β
−
1
3
Rα
µλ
τ ;β +
1
6
Rα
λ
βτ
;µ +
1
6
Rα
λ
β
µ
;τ −
1
6
Rα
µ
βτ
;λ
+
1
12
ζ δµλ
(
2Rτα;β +Rαβ;τ
)
, (B6)(
Bµαβγ
)λ
τ = δ
λ
τ
( 1
10
Rµα;βγ +
1
20
Rµαβ
σ
;σγ +
1
20
Rµαβ
σ
;γσ +
1
40
Rαβ
;µ
γ
+
1
40
Rαβ;γ
µ −
8
45
Rµαβ
σRσγ −
4
45
RµλσαR
λ
β
σ
γ
)
+
1
10
Rλµτγ;αβ +
1
10
Rλτµγ;αβ +
1
20
Rλβτγ
;µ
α +
1
20
Rλβ
µ
γ;τ
α
+
1
20
Rλβτγ;α
µ +
1
20
Rλβ
µ
γ;ατ −
1
20
Rµβτγ
;λ
α −
1
20
Rµβτγ;α
λ
+
2
45
Rλα
µνRτβνγ +
2
45
Rλατ
νRµβνγ −
8
45
Rλα
ν
βR
µ
ντγ
−
8
45
Rλα
ν
βR
µ
γτν −
2
45
RλνµβRτανγ +
8
45
RλντβR
µ
ανγ
−
4
45
RλµνβRτανγ +
2
15
Rλτ
ν
βR
µ
ανγ +
1
9
ζ Rµα
λ
β Rτγ
−ζ δµλ
(
−
1
20
Rτγ;αβ −
1
40
Rβγ;τα −
1
4
Rβγ;ατ
−
8
45
Rραβσ Rτγρ
σ −
1
45
Rραβσ Rρτγ
σ
)
, (B7)
(
C0
)λ
τ = Q
λ
τ +
1
3
Rλτ +
1
3
ζ Rλτ , (B8)(
Cα
)λ
τ = Q
λ
τ ;α +
1
6
Rλτ ;α +
1
4
Rλβτα;β −
1
12
Rλα;τ
−
1
6
Rλτα
β
;β +
1
12
Rλατ
β
;β +
1
12
Rτα
;λ
+
1
6
ζ
(
Rα
λ
;τ +Rατ
;λ +Rτ
λ
;α
)
, (B9)(
Cαβ
)λ
τ =
1
2
Qλτ ;αβ +
1
6
RλασβQ
σ
τ −
1
6
RσατβQ
λ
σ +
1
20
Rλτ ;αβ
−
1
40
Rλα;τβ −
1
40
Rλα;βτ +
1
40
Rτα
;λ
β +
1
40
Rτα;β
λ
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+
3
40
Rλµτα;µβ +
3
40
Rλµτα;βµ +
1
20
Rλτ
µ
α;µβ +
1
20
Rλτ
µ
α;βµ
+
1
40
Rλατ
µ
;µβ +
1
40
Rλατ
µ
;βµ +
1
20
∇2Rλατβ +
1
40
Rλα
µ
β;τµ
+
1
40
Rλα
µ
β;µτ −
1
40
Rταµβ
;µλ −
1
40
Rταµβ
;λµ −
1
45
RλατµR
µ
β
+
4
45
RλαµβR
µ
τ −
1
15
RλµRταµβ −
1
5
RλµταR
µ
β −
8
45
RλτµαR
µ
β
−
1
15
RλαµνRτ
µν
β +
1
15
RλαµνRτβ
µν +
1
9
RλµτνR
µ
α
ν
β
−
1
15
RλµναRτβ
µν +
1
15
RλµναRτ
µν
β
−ζ
(
−
1
20
Rτα
;λ
β −
1
40
Rαβ;τ
λ −
1
40
Rαβ
;λ
τ −
1
20
Rτβ;α
λ
−
1
40
Rλβ;τα −
1
40
Rλβ;ατ −
1
20
Rτ
λ
;αβ −
1
40
Rβ
λ
;τα −
1
40
Rβ
λ
;ατ
−
1
45
Rρλβ
σ Rρτασ +
8
45
Rρλβ
σ Rρσατ −
1
45
Rρα
λσ Rρτβσ
+
8
45
Rρα
λσ Rρσβτ −
1
45
Rραβ
σ Rρτ
λ
σ +
8
45
Rραβ
σ Rρσ
λ
τ
−
1
9
Rλα
ρ
β Rτρ
)
. (B10)
Strictly speaking the results in (B2), (B6) and (B10) should be symmetrized in α and β, the
results in (B3) and (B7) should be symmetrized in α, β, γ, and the result in (B4) should be
symmetrized in α, β, γ, δ; however as these expressions are contracted with symmetric terms
in our general results we can ignore this symmetrization for brevity.
Appendix C: Untraced E1 coefficients
Here we give the expression for the untraced E1 coefficient for the Yang-Mills non-minimal
operator. We do not give the analogous result for gravity as the expression is somewhat
more lengthy.
(
E1
)aµ
bν = αQ
aµ
bν + β Q
a
νb
µ + β Qaλbλ δ
µ
ν + γ δ
a
b R
µ
ν + δ δ
a
b R δ
µ
ν
+ε g fabcF
c µ
ν . (C1)
The coefficients in this expression are given by
α =
(3m+ 6)ζ + 4m+ 4
m(m2 − 4)ζ
(1 + ζ)−m/2
−
(6− 3m− 2m2 +m3)ζ + 4m+ 4
m(m2 − 4)ζ
, (C2)
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β = −
(mζ + 2ζ + 4)
m(m2 − 4)ζ
(1 + ζ)−m/2 −
(mζ − 2ζ − 4)
m(m2 − 4)ζ
, (C3)
γ = −
m(m + 2)ζ2 + (m+ 2)(m+ 6)ζ + 12m
3m(m2 − 4)ζ
(1 + ζ)−m/2
−
(5m2 − 8m− 12)ζ − 12m
3m(m2 − 4)ζ
, (C4)
δ =
m(m+ 2)ζ2 + (m+ 2)(m+ 6)ζ + 24
6m(m2 − 4)ζ
(1 + ζ)−m/2
+
(m3 −m2 − 12)ζ − 24
6m(m2 − 4)ζ
, (C5)
ε = −
(3m− 8)ζ − 8
m(m− 2)ζ
−
mζ + 8
m(m− 2)ζ
(1 + ζ)1−m/2. (C6)
These results agree with those found by Gusynin and Kornyak [32] except that their expres-
sion forWij should only include the Yang-Mills gauge connection if we are to have agreement.
We give the minimal operator and m = 4 limits in table VIII. The minimal operator has
the standard form of
1
6
RI −Q.
TABLE VIII. Limiting form of coefficients in the untraced heat kernel coefficient
(
E1
)aµ
bν for
Yang-Mills theory with minimal operators ζ = 0 or spacetime dimension m = 4.
Term ζ = 0 m = 4
α −1 −
ζ2 + 6ζ + 4
4(1 + ζ)2
β 0 −
ζ2
24(1 + ζ)2
,
γ 0 −
ζ(3ζ + 4)
12(1 + ζ)2
,
δ
1
6
3ζ2 + 6ζ + 4
24(1 + ζ)2
,
ε 0 −
ζ
2(1 + ζ)
.
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